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For a graph G(V, E)
@ Incidence: A € R™*",
@ Graph Laplacian: L € R™",
1 -1 0 0]
0 1 -1 0
AT V. A:V=|0 0 1 -1
0 1 0 1
-1 0 0 1
A .
L=ATA:V-V=A=| o o , | 3
I G(V,E)
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Calculate an edge separator using the Fiedler eigenvector of L € R™*",

. — 1, ieV
") 0, ieVy

Ty 2 __
X x = [|x[|5 = [ Vi
Ax has nonzero elements only for edges that connect a vertex in V) with one in V.

cut( Vi, Vi) = || Ax||3
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2-Laplacian partitioning

Ak Ax]3 xTLx
VicV |R]2 7 xern ||x|2 T xeR" xTx

=\

()\1 =0,vi = C].) - V=Vup

(A2, v») — Fiedler's eigenvector
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2-Laplacian partitioning

A3 [Ax3 xLx

VicV X2 7 xR ||x|2 T xeR" xTx
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2-Laplacian partitioning

AX 2
IARI3

ViCcVv ||)?H%

CAx3 X Lx

TxeRr [x|2 T xeR" xTx

subject to 17x =0
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2-Laplacian partitioning p-Laplacian partitioning, p € (1,2]
AR AxI3 | xTLx | IARIE A (A 6,(A)
TR S TN TS | TRV RIE YRR T R X 0,00

subject to 17x =0
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2-Laplacian partitioning p-Laplacian partitioning, p € (1,2]
AR AR xTLx | IARIE  AxIE (Ax)T6,(Ax)
VicV [R2 T xeR [x|2 xR xTx vicv [[&[[p - xeRe [|x][p xeRr xT@p(x)
subject to 17x = 0 subject to 17 ¢p(x) = 0
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2-Laplacian partitioning p-Laplacian partitioning
. |IAx|3 ... |IAx|5
minimize > minimize o
xeR" [x]13 xekr o [|x|p

subject to 17x =0 subject to 17 ¢,(x) = 0
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2-Laplacian partitioning p-Laplacian partitioning
. |IAx|3 ... |IAx|5
minimize > minimize o
xeR" [x]13 xekr o [|x|p

subject to 17x =0 subject to 17 ¢,(x) = 0

x>

N = AN
\/ \/ minHXH;'; X¢

stAx=0>b
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2-norm minimization p-norm minimization
o |Ax]3 o |AX]p
minimize > minimize 5
xeRn - ||x|[2 xeRm [|x|[
subject to 17x =0 subject to 17 ¢,(x) = 0
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2-norm minimization

minimize HAXH%
2
xeR™ [|x||3

subject to 1Tx =0

p-norm minimization

minimize HAXH’@
P
xekr " [x[8

subject to 17 ¢,(x) = 0

The Graph p-Laplacian
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Bp(x) = [xP~2x
6,1 (x) = |x|7Tsign(x)

—— (%(x) - 1ol

n
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Algorithm 1 p-Laplacian Bisection
Input: xq > METIS or KaHIP bisection

min
P

Output: x > p-Laplacian bisection

1 function pLaplacian(A, xo, b, 3, max_it) Ratio Cheeger cut (Cheeger et. al. 1969):

2 ,;Cnin — RCCUt(Xo)
p=2, X=Xp
for k=0:max_it do
pk=1+ e—,Bk/max_iters

end for

min
P
end function

3

4

5

6 xTn < pLaplacianDescent(A, py)
7

8 return x

9
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RCCUt( Vi, T/k) =

cut( Vk,T/k)

min{| V|, |Vk|}
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Algorithm 2 p-Laplacian Descent

Input: xo
Output: xg"”
1 function pLaplacianDescent(A, xo, p)

2 while not converged do
3 X < Xo
4 X < Xp
5 re = RCCut(x)
6 b, = ImBal(x)
7 if ro < 7" and b, < b™ then
8 X x
9 HC""" — re
10 end if
11 g + VA(x)
12 o < argmin f((b;l (x — ag))
13 X X — ag
14 end while
15 return x;‘i"

16 end function

> approximation of the p-eigenvector
> p-Laplacian bisection

|[Va] — Vs

> save best solution

> and minimum cut

O(n*) — O(m)
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Mesh Nodes Edges METIS/p-Lap %

sphere3 258 768 58/50 13.7
stufe 1,036 1,868 36,17 52.7
airfoill 4253 12,289 85,70 17.6
barth4 6,019 17,473 115/86 25.2
commanche 7,920 11,880 27/23 14.8
barth5 15,606 45,878  155/140 9.7
crack_dual 20,141 30,043 96/78 18.7
brack?2 62,631 366,559 787/708 10.0
tandem 94,069 183,212 478/446 6.7
wave 156,317 1,059,331 8,044/8,713 2.5
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L'AV‘T;,,

ALY, YAVAD A
ORI
SN C

‘55?;?{"9'» 4&5"?}9 ¥

Mesh ~ Nodes Edges METIS/p-Lap %
airfoill 4,253 12,289 85,70 17.6
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Case Nodes Edges METIS/p-Lap %  KaHIP/p-Lap %

1354pegase 1,354 1,991 20/17 15.0 18/16 11.1
1888rte 1,888 2,531 28/25 10.7 19/18 5.3
6470rte 6,470 9,005 43/32 25.6 28/25 10.7
6495rte 6,495 9,019 35/34 2.9 32/25 21.9
6515rte 6,516 9,037 49/32 34.7 41/38 7.3
9241pegase 9,241 16,049 29/22 24.1 16/15 6.3
13659pegase 13,659 20,467 37/32 13.5 21/20 4.7
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Case Nodes

Edges

METIS/p-Lap

%

KaHIP/p-Lap %

1354pegase 1,354

1,991

20/17

15.0

18/16 11.1
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Case Nodes Edges METIS/p-Lap % KaHIP/p-Lap %

geom 7,343 11,898 61/14 77.1 58/18 68.9
ca-HepPh 9,877 25,973 6659/3974 40.3 5689/4629 18.6
ca-HepTh 12,008 118,489 1578/1324 16.1 2041/1973 3.3
Reuters911 13,332 148,038  26072/18979 27.2  26387/23354 115
p2p-Gnutella30 36,682 48,507 2631/2326 11.6 3336,/3041 8.9
coAuthorsCiteseer 227,320 814,134  22756/19811 13.0  36388/26761  26.5
amazon0302 262,111 454 587 2837/2437 14.1 2730/2540 7.0
amazon0312 400,727 1,049,624 10665/8876 16.8 14899/7698  48.3
amazon0505 410,236 1,140,454 11680/9123 21.9 14972/8727 41.8
amazon0601 403,394 1,140,070 11572/9127 21.1 11443/9731 15.0
coPapersDBLP 540,486 15,245,729 594631/551400 7.3 818757/492700 39.9
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+ Sparse matrices
N 90 - Power networks
I 80 [~ s Social networks
< T0f .
g 60|
)
] 50 - a
£ A
£ 40 |- .
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15,360,000 elements, 2,618,021 nodes

CPU

Peak FLOPS  (Peak MEM.) Elapsed time (s)

Intel Xeon
E5-2690 v3 CPU
Nvidia P100 GPU

499.2 GFLOPS 68 GB/s  1862.3 (1 core)
— — 284.8 (12 cores)
47 TFLOPS 732 GB/s 28.2

Xeon® €5-2690 v3
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Elapsed time (s)

Intel Xeon
E5-2690 v3 CPU
Nvidia P100 GPU

499.2 GFLOPS 68 GB/s
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15,360,000 elements, 2,618,021 nodes

Method ~ edgecut (METIS%) ,rglaz>§|\/,128\ b?8(%)
i<

METIS 600,450 — 120,000 0
p-Laplacian 558,492 75 120,939 0.78
Hybrid 570,240 53 120,660 0.55

SRV R VRN ¢

Input mesh Part 1: Serial Part 2: Parallel
partitioning on shared partitioning on distributed
memory computer memory computer
(METIS) (p-Laplacian)
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32,800
= METIS
16,400 Sequential
8,190 | weffife= Parallel
= 4,100
[
E 2,050
o
g 1,020
&
= 512
256 ¢
128* = - = - .
64
61 122 245 491 983 1,970
(128) (256) (512) (1024) (2048) (4096)
4 8 16 32 64 128

Tetrahedral elements x10°, (partitions), GPUs
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Conclusions Future Pespectives

@ Refinement of METIS or KaHIP @ Assess relative benefits of runtime
partition. performance and convergence.
@ Significant improvements for the @ Embody the p-Laplacian algorithm in a
“notorious” social graphs. multilevel hierarchy based framework.
@ Highly scalable parallel implementations o Classification of graphs according to
in both distributed multi-core CPU their topological features.
platforms and GPU accelerators.
@ Hybrid recursive bisection method using
multiple GPUs.
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Calculate an edge separator using the Fiedler eigenvector of L € R™*",

1, ieV Allowing x; € R:
=N 0, ieV > )
’ A Ay (% Aox)
T 2 m 5 ~ 5~ = min
x x =[xz = [ Vi Vicv [Ix]lz  xeRr Ix[l3 0 xeRn (x,x)

Ax has nonzero elements only for edges that ) -
connect a vertex in Vj with one in V. Thus: - [ Ax]l3 _ o ox Lx
xR [|x||3  xeR" xTx

— A
cut( Vi, Vi) = HAxH%

1 X || Ax|l3 M =0vw=cl)— V=VUD
RCut(Vl,..,,vk):,Zw (A1 Vo =cl)

2 =1 lIxill5 (A2, v») — Fiedler's eigenvector



Universita Institute of
della Computational

— | i P-Laplacian Graph Partitioning

Forx e R",p € R, The Rayleigh quotient:
1X[|5 = 325 [xilP, ¢p(x) = [xIP~2x :

min f{x) = min M = min M Ap(x) = AT¢p(AX) =

Rekr T xllp xR xTp(x) Ap(v) = AT gp(Av) = Ay(v)

Starting from the gradient:

1AVl _ P (h(u) — Ao(w)) = 0

VI = VB = Vo)




Universita Institute of
della Computational

— | i The ¢, function

L Axp
o
2 x5

This objective is the Rayleigh quotient of the p-Laplacian. For p € R the scalar ¢, : R — R
function is defined as:
Pp(x) = |XP2x = x¢p(x) = |xP.

When applied elementwise to a vector x € R" the inner product with x returns the p-norm:

x'gp(x) = Y IxilP = x| =

i

Ax||? Ax) T A
min f{x) = min H XU)” — mi M
x€R? x€R™ ||x]|p x€RN XT¢p(X)

This is the Rayleigh quotient for the eigenvalue problem that defines the p-Laplacian operator:
Ap(x) = AT¢p(AX)~
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The ratio cut and ratio Cheeger cut for a partition Vinto C, C:

cut(C,C)  cut(C, Q)

RCu(C, ) = <2 T
RCCut(C,C) = —UHEO
min{|C], [C[}

RCC(C, €) < RC(C, €) < 2RCC(C, C)

We define the optimal ratio cut hrcc as:
hRCC = infcRCC(C, ?)
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Denote by )\5,2) the second eigenvalue of the
unnormalised p-Laplacian. For p > 1,

2 \P7! (hrec)?
(o) (755) <8 <2 e
max;d; p

Proof in Buehler & Hein, 2009.

Considering the limit p — 1, the bounds on
Ap become tight as p — 1. The second
eigenvalue of the unnormalized p-Laplacian
approximates the optimal ratio Cheeger cut
arbitrarily well in this limit.

Balanced Graph Cut Criteria (2)

Objective: Transform the real-valued second
eigenvector of the p-Laplacian into a
partitioning of the graph.

Approach: Threshold the second eigenvector
VE,2) to obtain the partitioning. The optimal
threshold is determined by minimizing the
corresponding Cheeger cut.

arg min RCC(C, Gy)

C={ieVV& (i)> 1}

VI
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Question: How good the cut values obtained
by thresholding the second eigenvector of the
p-Laplacian are compared to optimal Cheeger ~ Denote by hicc the ratio Cheeger cut values
cut values. obtained by thresholding the second

(2)

eigenvector vp2 of the unnormalized
p-Laplacian. Then for p > 1,

Proof in Buehler & Hein, 2009.
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