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e ¢ 2-norm Definitions

For a graph G(V, E, W)
@ Adjacency: W e R"™" Degree:
Dc R"™"

@ Graph Laplacian: A, € R,
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s | © Balanced Cut Metrics - Multiway

For subsets (1, ...,

o cut(C, () = ic C.icT Wil
vol(C) = X iec di

@ Minimize the balanced cut criteria

6 C'v i
RCut(Cp,....C) =S o ﬁc-\
cut(G;, )
NCut(Cq, ..., Ck) = 2 " 50l(C)
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e © p-norm Definitions

For a graph G(V, E. W), p € (1,2
@ Pp(x) = \X|p_1sign(x),

o pnorm: [lufl, = ¢/S 7 [uilP.

For anodeie V

(Apu); = Z Wijop (Ui — Uj)

jev
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e © p-norm Definitions
For a graph G(V, E, W), p € (1, 2] + p-eigenspectrum: (Apv). = A\pop (Vi),
@ Op(x) = x|P~ tsign(x), oS )\g) — 0 — # of conn. components,
: _ n _
® p-norm. HUHP T \iy;:i—l ‘ul‘p' ) sk vl(jl) — C- e,
p—1 1
x cut < pcut < p(max;eyd;;) » (cut)r.
\$
%QQ
For anodeie V ol
.-*f,&’ QQ‘O S
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(Apu); = Z wijop (Ui — uj) L& Lo
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| © Spectral Direct Multiway Clustering
Avoid

@ lack of global information, and

@ dependency on first recursive steps.

2-Laplacian

min FQ(U) = 17 (UTAQU) ]
UcRnXk

st. U'U=1
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iini s Spectral Direct Multiway Clustering
Avoid : ¢
o o o _®
@ lack of global information, and o ® ® o
@ dependency on first recursive steps. '.
2-Laplacian U ... U
min FQ(U) — Ir (UTAQU) : Ul iz Uik
UcR"xk . . :
st. U'u=1
/ Un Unpt Ce Unk

= Dimensionality reduction: n X n— n x k
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c p-Spectral Direct Multiway Clustering

italiana

Combine benefits from

@ sparse solution vectors,
@ proven optimal cuts (unweighted path graphs),

@ global information.

p-Laplacian, p € (1, 2]

wijluj — ujl?

k n
i Pl =2 2 3
=1

UcRnXk »
/

st Y op(u))dp(u”) =0 VI#£m, pe(1,2], I€[L,K, me [1,A.
=1

4

May 17, 2021 3

D. Pasadakis, C.L. Alappat, O. Schenk, G. Wellein SIAM LA21, New Orleans




Universita Institute of
della Computing

il s p-Spectral Direct Multiway Clustering

Combine benefits from

Bresson et al., 2013
Rangapuram et al., 2014
Tudisco & Hein, 2017

@ sparse solution vectors,

@ proven optimal cuts (unweighted path graphs),

@ global information.

p-Laplacian, p € (1, 2] u; ... Uy

k n I U, | J? u”

~ —— Wi'|u' — u.‘p 11 1k

E(U) — jIei — 4 .
e U = 2 0 3
=1y p p
. u, |\ v, ... u,
st Y op(u)dp(u”) =0 VI#£m, pe(1,2], I€[L,K, me [1,A.

i=1

4
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o p-spectral embeddings
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e © Utilizing the Manifold

o p-orthogonality = intractable optimization problem = consider U' U = I. Luo et al., 2010

Preserving mutual orthogonality

St(k, n)
Gr(k, n)

(UcsR™ | U'U=1,
St(k, n)/O(K)
{span(U): U R~ U'U=1}.

R
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o © Utilizing the Manitfold

@ p-orthogonality = intractable optimization problem

Preserving mutual orthogonality

St(k,n) ={UeR™ |U"'U=1T}
G (k, n) = St(k, n)/O(K)
= {span(U): Uc R U'U=I. )
x St(k,n) = unique choice of U = Ecoli graph
identifiability issue, local minima problem. nodes = 336
edges = 2280
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e | © Utilizing the Manifold

@ p-orthogonality = intractable optimization problem = consider v'u=1

Preserving mutual orthogonality

0.2 ‘ng
8
St(k,n) ={UcR™ | U U=}, ,
Gr(k, n) ~ St(k, n)/O(k) 0.15
= {span(U) : U € R”Xk, U' U= I} .%:
< 0.1
.E

5. 10_2 m

0 100 200 300
Nodes

Ecoli 1st eigenvectors
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e © Utilizing the Manifold

@ p-orthogonality = intractable optimization problem = consider U' U = I.

Preserving mutual orthogonality

0.2 "V,
o
St(k,n) ={UeR™“| U U= I}, : s
Ge(k, n) >~ St(k, n)/O(k) %’ 0.15
— {span(U): Uc R~ U'U=I}. .%:
o 0.1
x+ G¢(k,n) = non unique choice of U, E

5. 10_2 m

U = {UQ |V Q€ O(k)}, UecR™  n> k.

0 100 200 300
Nodes

Ecoli 1st eigenvectors
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| © pGrassmann Spectral Clustering

Unconstrained optimization problem

| L w|ul— P ALGORITHM: main pGrass loop
min FP(U) — LL J2||U’ng , PE (172]
[

UeGz(k,n) Initialize: ¢, rpew.old best = Cut(c) > p =2

@ cluster indices ,m=1,2,...,k, 1 while p > p,, && rpew < 1.05-15q do
Reduce p

Find U: minimize F,(U) using W
UcG:(k,n)

c = discretize( U)

I'old = I'mew

rnew = Cut(c)

if Inew < I'best then

I'best — I'new

@ k predetermined for this work.

p—t
O OO0 ~NO O b w N

11 end while
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e | © Key Algorithmic Components

Minimization on the manifold

@ Software package ROPTLIB.

ALGORITHM: main pGrass loop

| Initialize: ¢, rpew old best = Cut(c) > p=2

linear steps. 1 while p > p, && 10y <1.05-1,4 do

Reduce p

Find U: minimize F,(U) using W
UeQr(k,n)

c = discretize( U)
I'old = I'mew

rnew = Cut(c)

if Fnew < I'best then

I'best — I'new

@ Newton's method, truncated CG for the

@ Inputs: Euclidean gradient (g*) and Hessian.
@ Converges if: ||g<||/|lgs|l < 107°.

Huang et al., 2018

—
O OO0 ~NO O b w N

11 end while
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e | © Key Algorithmic Components

Monitor monotonic descent

@ Discrete objective (RCut, NCut). ALGORITHM: main pGrass loop

@ Experiments on synthetic datasets.

y Initialize: c, I'new.old,best = Cut(c) > p =2
1 while p > p, && 1 0oy < 1.05:-1,49 do
2 Reduce p
3 Find U: minimize F,(U) using W
X cut(C;, C) vegHtion
RCut(Cy, ..., Cy) = Z H 4 c = discretize(U)
i—1 Ci| 2 Told = rrclzewt( )
I'new =— UL C
k — .
cut( C:. C; 7 if I'how < I'hest then
NCU.t(Cl, Ce e Ck) — Z (1 g I) 8 I'best = I'new
=1 VO ( ’)‘ 9 Chest — C
10 end if
11 end while
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e | © Key Algorithmic Components

Monitor monotonic descent
@ Discrete objective (RCut, NCut).

HighMoon dataset
@ Experiments on synthetic datasets. nodes = 2000
4
edges = 6845
1 0.11 :
0.3
0.8 0.1 0.8
2 > 5 %>
= 0.28 | | —O0— RCut SR o
> —a— ACC 5~ 0.09 :
= 0.6 © = 0.6 ©
S 0.26 7 < & <
% 0.08
0.24 104 0.4
ﬁ | | | | | J | | | J | J
2 1.8 16 14 12 2 1.8 16 14 12
p p
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e | © Key Algorithmic Components
LFR dataset
Monitor monotonic descent n(()ides = ;g(;(())
edges =

@ Discrete objective (RCut, NCut).

k=19, u =038

@ Experiments on synthetic datasets.

1 1 { | 1 1 |
—O— p =1.539
__ 06 —a—p=1.385
7.22 i§ p=1.171
0.99 —
;5; —O— NCut ? g 0.4 i
S A ACC - Z
~~ O +~>
E . NMI 3 £ -
~ 0.98 T
—
&
< S o *
| | | | | |
2 1.8 16 14 1.2 0
P Newton Iterations m
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Discretize the p—eigenvectors

@ k-means orthogonal = pGrass-kmeans. ALGORITHM: main pGrass loop

@ Rotate the normalized eigenvectors to

Initialize: c, I'new.old,best = Cut(c) > p =2

obtain an optimal clustering = pGrass-disc. | 1 while p > p,, && 110w < 1.05 1,4 do
® o 2 Reduce p
5 o 3 Find U: minimize F,(U) using W
o o o UGz (k,n)
o ® o 4 c = discretize( V)
O ) initialize _~X*(*) § r — T
r X*.\ < " rold B réeljvt(c)
1 normalize \_ R* X.*-('Q refine 2oV
Meila, 2019 h \* TN Ly 7 if I'ew < 'hest then
eigensolve 5\; ................ converge 8 rbest J— I’new
I xx(2) 9 Chest — €
P 0 end if
{Z"R: B'R = I} 1 end while

Q*R:RTR:IK}
Yu & Shi, 2003
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s | © Numerical Experiments

Methods under consideration

@ Spec: Traditional direct multiway spectral clustering.
Yu & Shi, 2003; Luxburg, 2007

@ pSpec: Recursive bi-partitioning with the p-Laplacian.
Buhler & Hein, 2009

@ kCuts: A tight continuous relaxation for the balanced direct k-cut problem.
Rangapuram et al., 2014

@ Graclus: A multilevel algorithm using a weighted kernel k-means objective, thus

eliminating the need for eigenvector computations.
Dhillon et al., 2007

Q@ pMulti: The first full eigenvector analysis of p-Laplacian leading to direct multiway

clustering. Luo et al., 2010
> We implement this method in MATLAB R2020a.
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| @ Experimental Setup
Graph construction Labelling accuracy metrics
@ G < R"™" — k-NN routine. v" Unsupervised clustering accuracy

S € R™" — Gaussian similarity kernel.

1 n
— — liv ] 717
W=GoS. ACC n§iﬁ5( ci) € [0,1]

[:: true class label, ¢;: inferred cluster
label of uj, 4(-): Dirac delta function.

v. Normalized mutual information

I(1, c)
max{H(/), H(c)}

NMI = c [0, 1],

I(], ¢): mutual information between /, c,
H(-) their entropy.
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—O— pGrass Spec pSpec
2
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| |

0 20 40
Number of Clusters k
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Highlighted Results — Artificial Graphs

Increasing the number of clusters k °

—&— kCuts —o— pMulti —o— Graclus

0.95

|\ R
A‘ .“ \i'/ i o
SHRZIEN

VAR
»>

NMI (based on RCut)
=
©
|

O
Q0
3y
|
|

l l <

_/\/

0 20 40 60
Number of Clusters k
1 {
g Gaussian datasets
Z.
5 k € [2,61]
2 nodes € [800,25000]
= 0.8 —
2 edges € [4900,145000)

_/\/

l <

0 20 40 60
Number of Clusters k
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e | © Highlighted Results — Real-World Graphs

Classification of Handwritten Characters

@ Omniglot database: 1623 different handwritten characters from 50 alphabets.

TINTIET] 1T h D SPYNZDUVTY S ¢ PAOME AT st b &85
SUNYTHIMMY P8R AaRCKLL 78] 5 8 3 VUMAT 3828 « Vv
?nD>T“$H3lﬁﬂvs%vﬂjdmjs@g»%wanOaﬁ%g@
ggﬁ_@gmwéﬁﬁﬂr:ﬁﬂmwﬁuﬁ‘(tP]]]:EDJ:CQg“,‘_\)NZH I 2 Y
IETFC UV B wgd=EkatiinuNEdadRIARET 47 T T3S RRKPX
Egh{—%é"éwicﬂ@mbiﬂﬁmﬁﬁq}ngﬁxoEfig,% xt:‘i\,—‘Z)L}gE"F)
GOQAGIP >N gT Fgrd Taddqgdgan~snr ¥r - Jr3IdnQGg
ﬂua@%i\})o\t) WFETh{Ch?Gq}]&WS’\V. ] I_},\‘l,:l>|o.7k'_\1’l;‘§.]
fﬂ@\‘)é’@@bgﬂ%wWV&‘W“’Cﬁd)Qnt(g[\&(ﬂqzﬁ RO O TN G
NAE P uw Nyl haeweruwITgded g0 H w3 ndywe 9o
FI P NUGRLPPYRRNYT 2 AT AN Wby ARk AP L
LoYyny Gy STuaguirtadT AT "wbH PHC 4T 4 Yy %
c oS o P IMNNSPES LN v 23 2y T ¥ Xt Wy 79007
< Ne aPEYYNOIPEPD Yy 2azemar oy P LA MTTY09
R \WHXP\*AX%\R'¢M$0W5B C A0 BINUMMWUWD U SN YITNY
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Highlighted Results — Real-World Graphs
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Conclusions

@ A direct multiway p-spectral graph clustering framework.

@ Simple algorithm, utilizing packages of Riemannian
optimization.

@ pGrass embeddings lead to either superior graph cut values
or labelling accuracy metrics.

@ Consistent results over synthetic and real-world graphs.
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Classification of Facial Images

@ Olivetti:400 images — 40 subjects.
® Faces95:1440 images — 72 subjects.
©® FACES: 2052 images — 171 subjects.
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e | © Highlighted Results — Real-World Graphs

Classification of Facial Images

@ Olivetti:400 images — 40 subjects.
® Faces95:1440 images — 72 subjects.
© FACES: 2052 images — 171 subjects.

Olivetti Faces95 FACES
Method NCut ACC NMI NCut ACC NMI NCut ACC NMI
pGrass - kmeans| 3.984 -4.15% -2.28%| 2.658 -5.77% -4.24%| 29.42 -3.58% -2.41%
pGrass - disc -450% 0.716 0.831 | -4.50% 0.609 0.758 | -6.08% 0.802 0.91
Spec -24.84% -9.19% -5.27%|-24.84% -4.23% -0.90% [-15.05% -2.50% -1.23%
bSpec .8.04% -7.41% -3.06%| -8.04% -6.86% -6.02%| -4.34% -6.73% -2.71%
kCuts -1.41% -6.78% -3.20%| -1.41% -10.37% -7.70% | -7.67% -13.0% -6.99%
Graclus -23.10% -6.36% -2.25%(-23.11% -9.25% -2.38%| -9.98% -3.70% -2.56%
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e | © Highlighted Results — Real-World Graphs

Classification of Facial Images

@ Olivetti:400 images — 40 subjects.
® Faces95:1440 images — 72 subjects.
© FACES: 2052 images — 171 subjects.

Olivetti Faces95 FACES
Method NCut ACC NMI NCut ACC NMI NCut ACC NMI
pGrass - kmeans [©3.984 +-4.15% -2.28%|02.658 ' -5.77% -4.24%(0.29.42 -3.58% -2.41%
pGrass - disc -450% < 0.716 0.831 | -4.50% “0.609 0.758 | -6.08% 0.802 0.91
Spec -24.84% -9.19% -5.27%|-24.84% -4.23% -0.90% |-15.05% -2.50% -1.23%
Spec 18.04% -7.41% -3.06% | -8.04% -6.86% -6.02%| -4.34% -6.73% -2.71%
kCuts -1.41% -6.78% -3.20% | -1.41% -10.37% -7.70%| -7.67% -13.0% -6.99%
Graclus -23.10% -6.36% -2.25%(-23.11% -9.25% -2.38%| -9.98% -3.70% -2.56%
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srini Spectral Bi-Partitioning

p-Laplacian, p € (1, 2]

2-Laplacian

,
i (u, Dpu) e 1 ZZj:l wij (ui — uj) - (u, Apuy . 1 Zijl wii |uj — u;|”
p— - ,
e [ul w2 (el 8 [l w2 [l
st. u'-e=0. ) s.t. e ¢p(u) =0 )
. 0.1
0.05 0.05 7
vd "
-0.05
. -0.05 '
0.1 . ...'.. | . . o \
-0.15° o..... 'o...... 0.~. . o o p — 2 -0.1 ’0... '0... 00.. . Y, .'o. o p — 1 . () 5
RCut = 0.179 RCut = 0.143
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Pseudocontinuous minimization

p =1+ max (tol, min (,{ (p—1),(p— 1)9)) | ALGORITHM: main pGrass loop

Initialize: c, I'new.old,best = Cut(c) > p =2

with Kk € (07 1)79 S (172)7 and tol = 10_1- ) 1 while P Z Pw && I'new S 1.05 - I'old do
2 Reduce p |
2 S —- 3 Find U: minimize F,(U) using W
k=08,0=1.05 UcGr(k,n)
1.8 5 =09,0 =102 4 c = discretize( U)
Linear reduction
a 5 I'old = I'new
o 16 - 6 I'new = Cut(c)
2 { if rew < I'best then
§ 1.4 3 I'best — I'new
9 C]oest — C
1.2 10 end if
11 end while
1 |

10 20 30 40

Number of levels
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Conclusions Future Perspectives

@ A direct multiway p-spectral graph @ Embody the pGrass algorithm in a
clustering framework. multilevel hierarchy based framework.
@ Simple algorithm, utilizing packages of @ Estimate optimal value of p and number
Riemannian optimization. of clusters k.
@ Consistent results over synthetic and @ High performance implementation —
real-world graphs. ) block eigenvalue computations.
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